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Abstract—In climatic signal processing, significance tests are
used to extract statistically significant feature from randomness.
For many climatic signals, an appropriate background noise is
red noise. In 1998, Torrence and Compo [1] provided an empirical
formula on the distribution of Fourier power spectrum of red
noise which is the foundation of significance tests on Fourier
analysis of climatic signals. In this paper, we will prove this
empirical formula in a rigorous statistical framework, and apply
it to significance tests of central England temperatures.

Index Terms—Fourier power spectrum, significance tests, red
noise, central England temperatures

I. INTRODUCTION

In climatic signal processing, significance tests are used
to extract statistically significant feature from randomness.
To determine significance levels for Fourier spectra, one first
needs to choose an appropriate background spectrum. For
many geophysical phenomena, an appropriate background
noise is red noise [2]. A simple model for red noise is the
univariate lag-1 autoregressive AR1 process [2-7].

x0 = 0, xn = λxn−1 + zn, n = 1, 2, 3, ..., (1)

where λ is a constant, |λ| < 1 and {zn} is the Gaussian white
noise with variance σ2.

Let us consider the discrete Fourier transform (DFT) of the
sequence {xk}N−1

0 ,

x̂k =
1
N

N−1∑
l=0

xlε
l
k (k = 0, 1, ...N − 1) (2)

where εk = e−
2πk
N i (k = 0, 1, ...N − 1) and |x̂k|2 is called

Fourier power spectrum. In 1998, Torrence and Compo [1]
obtained the following empirical formula

N |x̂k|2
σ̃2

is distributed as
1 − λ2

2(1 − 2λ cos 2πk
N + λ2)

χ2
2 (3)

where σ̃2 is the variance of the sequence {xk}N−1
0 and χ2

2 are
chi-square distributed with two degrees of freedom.
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In this paper, we will give the rigorous proof of the above
distribution in a rigorous statistical framework and apply it to
significance tests of Central England Temperature.

II. THE DISTRIBUTION FOR THE FOURIER POWER

SPECTRUM

From (1), we have that in general

xk =
k∑

l=1

λk−lzl (k = 1, 2, 3, ...)

Consider the first N terms of this recurrence formula:
For convinience, we let z0 = 0. Define the column vectors

X and Z as

X =

⎛⎜⎜⎜⎝
x0

x1

...
xN−1

⎞⎟⎟⎟⎠ Z =

⎛⎜⎜⎜⎝
z0

z1

...
zN−1

⎞⎟⎟⎟⎠
Let A be a square matrix of order N and

A =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 · · · 0
0 1 0 0 · · · 0
0 λ 1 0 · · · 0
0 λ2 λ 1 · · · 0
...

...
...

...
...

...
0 λN−1 λN−2 λN−3 · · · 1

⎞⎟⎟⎟⎟⎟⎟⎟⎠
(4)

So
X = AZ (5)

Denote the discrete Fourier transform (DFT) of the sequence
{xk}N−1

0 by {x̂k}N−1
0 . Again let the vector

X̂ =

⎛⎜⎜⎜⎝
x̂0

x̂1

...
x̂N−1

⎞⎟⎟⎟⎠
and the matrix

B =

⎛⎜⎜⎜⎝
ε00 ε10 · · · εN−1

0

ε01 ε11 · · · εN−1
1

...
...

...
...

ε0N−1 ε1N−1 · · · εN−1
N−1

⎞⎟⎟⎟⎠ .
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Then by (2)

X̂ =
1
N

BX

From this and (5), we have,

X̂ =
1
N

BAZ

Let

C =
1
N

BA = (ck,j)k, j=0,1,...N−1 (6)

Then X̂ = CZ, i.e.,

x̂k =
N−1∑
j=0

ck,jzj (7)

Clearly ck,0 = 0. Now we compute ck,j .
Since C = (ck,j) and B = (εl

k), by (4) and (6), we get

Nck,j =
N−1∑
l=j

εl
kλl−j = εj

k

N−1∑
l=j

(εkλ)l−j = εj
k

1 − (εkλ)N−j

1 − εkλ

So

Nck,j =
εj
k − λN−j

1 − εkλ
, j = 1, 2, ..., N − 1

By (7), we know that

x̂k =
N−1∑
j=0

ck,jzj =
1
N

N−1∑
j=0

εj
k − λN−j

1 − εkλ
zj

So we have

N(1 − εkλ)x̂k =
N−1∑
j=0

(εj
k − λN−j)zj (8)

Let

Jk =
√

N(1 − εkλ)x̂k =
1√
N

N−1∑
j=0

(εj
k − λN−j)zj

Taking the real part ζ1,k = ReJk and the imaginary part ζ2,k =
ImJk of Jk, noticing that z0 = 0 and each zj is a real random
variable, we have

√
N(1 − εkλ)x̂k = ζ1,k + iζ2,k (9)

Further

ζ1,k =
1√
N

N−1∑
j=1

zjRe{εj
k − λN−j} (10)

Since E(zj) = 0,

E(ζ1,k) =
1√
N

N−1∑
j=1

Re{εj
k − λN−j}E(zj) = 0 (11)

By (10), we have

ζ1,k =
1√
N

N−1∑
j=1

(cos(
2πkj

N
) − λN−j)zj

Again since {zj} is the Gaussian white noise with variance
σ2, by (11), we get,

var(ζ1,k) = E(ζ2
1,k) =

1
N

N−1∑
j=1

(cos(
2πkj

N
) − λN−j)2σ2.

Furthermore

var(ζ1,k) =
1
N

N−1∑
j=1

cos2(
2πkj

N
)σ2− 2

N

N−1∑
j=1

cos(
2πkj

N
)λN−jσ2

+
1
N

N−1∑
j=1

λ2N−2jσ2 =: I11 + I12 + I13 (12)

For I11, we have

I11 =
1
N

N−1∑
j=1

cos2(
2πkj

N
)σ2 =

1
N

N−1∑
j=1

cos( 4πkj
N ) + 1
2

σ2

=
1
N

(
N − 1

2
− 1

2
)σ2 =

N − 2
2N

σ2

For I12, we have

I12 = − 2
N

N−1∑
j=1

cos(
2πkj

N
)λN−jσ2 = − 2

N

N−1∑
j=1

Re{εj
kλN−j}σ2

= − 2
N

N−1∑
j=1

Re{λN−j

εN−j
k

}σ2 = − 2
N

Re{
1 − λN

εN
k

1 − λ
εk

− 1}σ2

So

I12 =

(
− 2

N
Re{1 − λN

1 − λ
εk

} +
2
N

)
σ2

For I13, we have

I13 =
1
N

N−1∑
j=1

λ2N−2jσ2 =
1
N

(
1 − λ2N

1 − λ2
− 1
)

σ2

Since in application, N is large enough, by |λ| < 1, we have

I11 =
1
2
σ2, I12 = 0, I13 = 0

By (12)

var(ζ1,k) =
1
2
σ2 (13)

Similarly to ζ1,k, by (9), we have E(ζ2,k) = 0 and

var(ζ2,k) = E(ζ2
2,k) =

1
N

N−1∑
j=1

(sin(
2πkj

N
))2σ2 =

1
2
σ2 (14)

Now we compute the correlation of ζ1,k and ζ2,k

E(ζ1,kζ2,k) = − 1
N

N−1∑
j=1

(cos(
2πkj

N
) − λN−j) sin(

2πkj

N
)σ2

Furthermore

E(ζ1,kζ2,k) = − 1
N

N−1∑
j=1

cos(
2πkj

N
) sin(

2πkj

N
)σ2



+
1
N

N−1∑
j=1

λN−j sin(
2πkj

N
)σ2 =: I21 + I22

For I21,

I21 = − 1
N

N−1∑
j=1

cos(
2πkj

N
) sin(

2πkj

N
)σ2

= − 1
2N

N−1∑
j=1

sin(
4πkj

N
)σ2 = 0

For I22,

I22 =
1
N

N−1∑
j=1

λN−j sin(
2πkj

N
)σ2 = − 1

N

N−1∑
j=1

Im{εj
kλN−j}σ2

= − 1
N

N−1∑
j=1

Im{λN−j

εN−j
k

}σ2 = − 1
N

Im{
1 − λN

εN
k

1 − λ
εk

− 1}σ2

Furthermore

I22 = − 1
N

σ2Im{1 − λN

1 − λ
εk

}

Since N is large enough in application and |λ| < 1, we have

E(ζ1,kζ2,k) = I21 + I22 = 0 (15)

Finally, by (9) and (13)-(15), we have

N |1 − εkλ|2|x̂k|2 = ζ2
1,k + ζ2

2,k

where ζ1,k and ζ2,k are independent Gaussian random vari-
ables with mean 0 and variance 1

2σ2. From this, we deduce
that

N |1 − εkλ|2|x̂k|2 is distributed as
1
2
σ2χ2

2

Since |1− εkλ|2 = |1−λe−
2πk
N i|2 = 1− 2λ cos 2πk

N + λ2, we
get

N |x̂k|2
σ2

is distributed as
1

2(1 − 2λ cos 2πk
N + λ2)

χ2
2

From (16) and a known result [8-9] that the relation be-
tween noise variance σ2 and the variance σ̃2 of the sequence
{xk}N−1

0 is

σ2 =
σ̃2

1 − λ2
,

we get the formula (3) immediately.

III. APPLICATION

We examine 1659-2000 Central England Temperature
(CET)[10]. As suggested in [4-5], we will transform the
original signal such that the pdf of the transformed data is
Normal. A practical way of doing this is by taking the inverse
normal cumulative distribution function (cdf). The main reason
for doing it is because otherwise the normally distributed
red noise null hypothesis we use is wrong. The Normalized
Central England Temperature Index is shown in Figure 1.
Now we will apply Formula (3) to do a significance test. We
find significant peaks at about 3 year and 24 year periods
well above the background spectrum (see Figure 2). This is
a instinct frequency feature of Central England Temperature
and can not be interpreted by climate background noise.
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Fig. 1. Normalized Central England Temperature (CET) Index
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Fig. 2. Fourier power spectrum of CET index is computed by discrete Fourier
transform. The dashed line is 95% confidence red noise spectrum.

IV. CONCLUSION

Statistical significance tests for Fourier power spectra are
widely used to extract statistically significant feature from
climate signals. For a long time, all statistical significance tests
are based on Torrence and Compo’s famous empirical formula
on the distribution of Fourier power spectrum of red noise. In
our study, we prove that this empirical formula is correct in
a rigorous statistical framework. As application, we examine
Central England Temperature and discover significant peaks at
about 3 year and 24 year periods which are instinct frequency
feature.
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